
JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER

Vol. 17, No. 3, July–September 2003

Optimal Heating Algorithm for the Three-Dimensional
Forced-Convection Problems

Cheng-Hung Huang¤ and Chun-Yu Li†

National Cheng-Kung University, Tainan 701, Taiwan, Republic of China

A three-dimensional forced-convection optimal heating algorithm in determining the strength of the unknown
optimal surface heating functions utilizing the conjugate gradient method and a general purpose commercial code
CFX4.2 is applied successfully in the present study based on the desired surface temperature distributions at the
� nal time of heating. Results obtained by using the conjugate gradient method to solve this three-dimensional
optimal heating problem are justi� ed based on the numerical experiments. Two different computationaldomains
and two different desired temperature distributions are given, and the corresponding optimal heating functions
are to be determined. Results show that the optimal heating functions can always be obtained with any arbitrary
initial guesses of the boundary � uxes.

Nomenclature
Cp = heat capacity
f = body force
J [qi .Si ; t/] = functional de� ned by Eq. (6)
J 0

i [qi .Si ; t/] = gradient of functional de� ned by Eq. (21)
k = thermal conductivity
Pn

i .Si ; t/ = direction of descent de� ned by Eq. (8)
p = pressure
qi .Si ; t/ = unknown surface heating functions
T .Ä; t/ = estimated temperature
u; v; w = velocity in x , y, and z directions, respectively
V = velocity vector
Y .Ä; t f / = desired temperature
¯ = search step size de� ned by Eq. (13)
°i = conjugate coef� cients
1T j .Ä; t/ = sensitivity function de� ned by Eq. (10)
±.²/ = Dirac delta function
" = convergence criteria
¸.Ä; t/ = Lagrange multiplier de� ned by Eq. (17)
¹ = viscosity
º = kinematic viscosity of � uid
½ = density
8 = viscous heating term
Ä = computational domain

Superscript

n = iteration index

I. Introduction

O PTIMAL heating for a given material to obtain the desired
temperature distribution can be an objective in many indus-

trial applications. One example would be in glass industry where
glass nearing the � nal stages of certain manufacturing processes
must be brought to a temperature that is as near uniform as possible
to prevent unwanted inhomogeneities in the � nal article. Another
example arises in the semiconductor manufacturing where the re-
quirementof uniformtemperaturedistributionof wafer is necessary.
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Moreover, rapid thermal process, that is, short time wafer heating,
is also very important in the business. This also implies that the
heating time is critical in reducing the thermal budget.

For many engineeringapplications it might often be necessary to
� nd optimal heating functions such that the desired constraints can
be satis� ed. Such a system can be controlled either at the bound-
ary (boundary heating) or through the spatial domain (distributed
heating), or both.

The optimal heating problem for solid has been initiated by
Butkovskii and Lerner.1 Cavin and Tandon2 considered a � nite
element method to numerical solutionsof distributedparameter op-
timization problems. Meric3;4 used the conjugate gradient method
to � nd the optimal boundary control temperatures for a nonlinear
system, that is, temperature-dependent thermal properties.There is
alsoa vastamountof literatureon suchcontrolsystems,and a review
can be found in Ray.5

Chenand Ozisik useda similaralgorithmto determinetheoptimal
heating sources for a slab6;7 and for a cylinder8 in a one-dimensional
nonlinear optimal control problem. One should note that the nature
of optimal heating problems is similar to the inverse problems9¡11

except that some additional constraints for the functional are
required.

First, from the preceding review papers we learned that for the
optimal heating problems considered in the literature3;4;6¡8 only
constant � nal desired temperature is discussed. Second, there exist
no explicit expressions for the determination of search step size.
For example, in Ref. 4 the author stated only that the step size is
determined by a one-dimensionalminimization along the direction
of search, and in Refs. 6–8 the authors claimed that they used the
techniqueof cubic interpolationto determinethe valueof searchstep
size. Those statements are both not clear and not ef� cient because
no explicit formulation for the step size is given.

Recently, Huang12 has solved a similar optimal heating problem
using the conjugate gradient method as in Refs. 6–8 except that the
heating functions are now the boundary heat � uxes and the desired
temperature distributions are now functions of positions. To over-
comethedrawbacksas we havealreadymentioned,a generalexpres-
sion for thenonlinearoptimalheatingproblemis derived.Moreover,
an explicit expression for the determination of search step sizes is
also derived with the help of the solutions of sensitivity problem.

All of the references just mentioned are one- or two-dimensional
problems.More recently,Huangand Li13 appliedthe techniqueused
in Ref. 12 to a three-dimensional optimal heating problem for a
solid, that is, optimal heating for heat conduction, and obtained
good estimations.

The purpose of the present study is to extend the algorithm used
in Refs. 12 and 13 to the optimal heating for a three-dimensional
forced-convectionproblemin determiningthe optimalheatingfunc-
tions. To the authors’ best knowledge, the problem of this kind has
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not been seen in the literature.The advantageof using the conjugate
gradient method in the inverse problems lies in that it can estimate
a huge number of unknown parameters at the same time; this can
be seen in many literatures regarding inverse problems using the
conjugate gradient method.

The conjugate gradient method derives from the perturbational
principlesand transformsthe inverseproblemto the solutionof three
problems, namely, the direct problem, the sensitivityproblems, and
the adjoint problem, which will be discussed in detail in text.

II. Direct Problem
To develop the methodology for use in simultaneouslydetermin-

ing four unknown optimal boundary heating conditions for a three-
dimensional forced-convectionproblem by CGM and CFX4.2, we
consider the following example.

For a duct domain Ä the initial temperature is equal to T0. When
t > 0, we assumed that there is an inlet � uid with velocity V and
temperature Tinlet on inlet surface S9 (see Fig. 1a). The optimal heat-
ing boundary conditions are applied from S1 to S4 . The boundary
conditions on the surfaces from S5 to S8 are all assumed insulated.
The temperature distribution on outlet surface S10 is assumed fully
developed. Figure 1a shows the geometry and the coordinates for
the three-dimensional physical problem considered here. The wall
thickness is neglected, and therefore the thermal conduction is also
neglected in the present study.

The mathematical formulation of this three-dimensional forced-
heat-convectionproblem is given by the following:

Continuity equation:
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Fig. 1a Geometry and coordinates for test case 1.

Fig. 1b Grid system for test case 1.

Momentum equation:
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Energy equation:
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subjected to the following boundary conditions:
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By de� ning the following notations,
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Here D=Dt is the substantial derivative, and r2 is the Laplace op-
erator. The energy equation can be simpli� ed as

½C p
DT

Dt
D kr2T C ¹8 in Ä; t > 0 (5c)

The solutionfor theprecedingthree-dimensionaltransientforced-
convectionproblem in an irregularduct domain Ä is solved by call-
ing CFX4.2 and its FORTRAN subroutine USRBCS in the main
program. CFX 4.2 is available from AEA technology,14 and the
method of control volume is used to solve the direct problem. The
direct problem considered here is concerned with the determina-
tion of the � ow velocity � eld and � uid temperature when all of the
boundary conditions at all boundaries are known.
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III. Optimal Heating Problem
For the three-dimensionaloptimal heating problems the optimal

heating functions qi .Si ; t/ on Si ; i D 1–4, are regarded as being un-
known, but everything else in the direct problem is known. In addi-
tion, the desired temperaturedistributionson some speci� ed surface
Sd within the domain Ä at � nal time t f are considered available.

Let the desired temperature on Sd at � nal time t f be denoted
by Y .Sd ; t f /. Then this optimal heating problem can be stated as
follows: by utilizing the preceding � nal desired temperature data
Y .Sd ; t f /, estimate the strength of the optimal heating functions
qi .Si ; t/ on Si ; i D 1–4, over the speci� ed space and time domain.

The solution of the present optimal heating problem is to be ob-
tained in such a way that the following functional is minimized:

J
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Here ±.²/ is theDiracdelta function,and®i , i D 1–4, are thegiven
weighting coef� cients with dimension oC4 ¡ m4=W 2 ¡ s such that
Eq. (6) is dimensionally consistent. T .Ä; t f / is the estimated or
computed temperature at � nal time t f . These quantities are deter-
mined from the solutionof the directproblemalreadygivenby using
the estimated heating function qi .Si ; t/. If the value of functional J
is less than the speci� ed stoppingcriteria", stop the iterativeprocess,
and the optimal heating functions qi .Si ; t/ are obtained; otherwise,
continue the iteration until the stopping criteria is satis� ed.

The � rst term on the right-handside is the integrationof the square
of the deviation between the estimated and desired temperature on
Sd at � nal time t f . The summation terms are the integration with
respect to time of the square of the heating functions qi .Si ; t/ on
Si , i D 1–4, respectively,over the heating time t f multiplied by the
weighting coef� cients ®i . Here, we consider the square of the heat-
ing functions because the quadratic form guarantees the existence
of the minimum and avoids the cancellationeffect between the pos-
itive and negative values. The weighting coef� cients ®i , i D 1–4,
are the design parameters that control the closenessof the estimated
temperatures to the desired temperatures.

For example, ®i D 0, i D 1–4, implies estimated temperatures
close to the desired temperatures,but the estimated optimal heating
functions might have oscillatory behavior. Therefore, a � nite value
for ®i is needed to damp such an oscillation.Moreover, the weight-
ing coef� cients ®i can also be used as the adjustment factors of the
heating functionsqi .Si ; t/. When there exist some reasons such that
the heating functions cannot be applied as what we have calculated,
under this circumstance we should increase the value of weight-
ing coef� cients. As a result, the estimated heating functions will be
damped, and the supplying rate of heat � uxes can be satis� ed.

IV. Conjugate Gradient Method for Minimization
The following iterative process based on the conjugate gradient

method15 is now usedfor theestimationof heatingfunctionsqi .Si ; t/
by minimizing the preceding functional J [qi .Si ; t/]:
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n D 0; 1; 2; : : : ; i D 1–4 (7)

where ¯n is the search step size in going from iteration n to iter-
ation n C 1 and Pn

i .Si ; t/ are the directions of descent (i.e., search
directions)given by
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To performthe iterationsaccordingto Eq. (7),we need to compute
the step sizes ¯n and the gradient of the functional J 0n

i .Si ; t/. To
develop expressions for the determinationof these two quantities, a
“sensitivity problem” and an “adjoint problem” are constructed as
described next.

In the previous studies by Chen and Ozisik,6¡8 they used the
technique of cubic interpolation to determine the value of search
step size. This technique is actuallynot ef� cient because it does not
have any theoretical base of optimization.For this reason the rate of
convergencecan become very slow. This matter has been discussed
by Huang.12

To overcome this drawback, we then derive in the following sec-
tion an explicit expression of the search step size for the optimal
heating functions qi .Si ; t/ with the help of the solution of sensitiv-
ity problems.

V. Sensitivity Problem and Search Step Size
Because the problem involves four unknown heating functions

qi .Si ; t/, in order to derive the sensitivityproblemfor each unknown
function, we should perturb the unknown functions one at a time.

It is assumed that when qi .Si ; t/ undergoes a variation
1qi .Si ; t/±.i ¡ j/, T .x; y; z; t/ is perturbed by 1T j . Here j D 1–4
represents four sensitivity problems. Then, replacing in the direct
problemqi .Si ; t/ by qi .Si ; t/ C 1qi .Si ; t/±.i ¡ j/ and T .x; y; z; t/
by T .x; y; z; t/ C 1T j , subtracting from the resulting expressions
the direct problem, and neglecting the second-order terms, the fol-
lowing sensitivity problems for the sensitivity function 1T j are
obtained:
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The preceding four ( j D 1–4) sensitivity problems are similar to
the direct problem, and CFX4.2 can also be used to solve these
sensitivity problems.

The functional J [qn C 1
i .Si ; t/] for iteration n C 1 is obtained by

rewriting Eq. (6) as
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where we replaced qn C 1
i .Si ; t/ in Eq. (6) by the expression given

by Eq. (7). If the estimated temperatures T .Ä; t f I qn
i ¡ ¯n Pn

i / are
linearized by a Taylor expansion, Eq. (11) takes the form
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Equation (12) is differentiated with respect to ¯n and equating
them equal to zero, that is, @ J [qn C 1

i .Si ; t/]=@¯n D 0, to obtain the
following expression for ¯n :
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where T .Ä; t f I qn
i / is the solution of the direct problem by us-

ing estimate qi .Si ; t/ at the � nal time t f . The sensitivity functions
1T j [Ä; tI Pn

i ±.i ¡ j/] are taken as the solutions of problem (10) at
time t by letting 1qi D Pn

i .

VI. Adjoint Problem and Gradient Equation
To obtain the adjoint problem, Eq. (5c) is multiplied by the

Lagrange multiplier (or adjoint function) ¸1 , and the resulting ex-
pression is integrated over the time and corresponding space do-
mains. Then, the result is added to the right-hand side of Eq. (6) to
yield the following expression for the functional J [qi .Si ; t/]:
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First, for j D 1 the variation 1J j D 1J1 is obtained by per-
turbing qi .Si ; t/ by qi .Si ; t/ C 1qi .Si ; t/±.i ¡ 1/ and T .Ä; t/ by
T .Ä; t/ C 1T1 in Eq. (14), subtracting from the resulting expres-
sion the original Eq. (14), and neglecting the second-order terms.
We thus � nd
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where ±.²/ is the Dirac delta function.
In Eq. (15) the domain integral term containing the Laplace oper-

ator is reformulatedbasedon the followingGreen’s secondidentity:Z

Ä

¸1.Ä; t/r21T1.Ä; t/ dÄ D
Z

S

¸1.Ä; t/
@1T1

@n
dS

¡
Z

S

1T1.Ä; t/
@1¸1

@n
dS C

Z

Ä

1T1.Ä; t/r21¸1.Ä; t/ dÄ

(16a)

The domain integral term containing substantial derivative is refor-
mulated based on the Reynolds second transport theorem,
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The boundary conditions of the sensitivity problem given by
Eqs. (10b–10h) areutilized.The vanishingof the integrandscontain-
ing 1T1 leads to the followingadjointproblemfor the determination
of ¸1.x; y; z; t/:

½Cp
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D ¸1½CpV ² n on S10; t > 0 (17d)

¸1 D 2.T ¡ Y /±.S ¡ Sd / in Ä; t D t f (17e)

The adjoint problems are different from the standard initial value
problems in that the � nal time conditionsat time t D t f are speci� ed
instead of the customary initial condition. However, this problem
can be transformedto an initial value problemby the transformation
of the time variablesas ¿ D t f ¡ t . ThenCFX 4.2canbe used to solve
the preceding adjoint problem.

Finally, the following integral term is left:

1J1 D
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From de� nition,15 the functional increment can be presented as
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A comparison of Eqs. (18) and (19) leads to the following ex-
pression for the gradient of functional J 0

1:

J 0
1[q1.S1; t/] D k¸1.S1; t/ C ®1q1.S1; t/ (20)

Similarly, to derive the adjoint problems for the case j D
2–4, Eq. (5c) is multiplied by the Lagrange multiplier (or adjoint
function) ¸ j .Ä; t/, j D 2–4, and follows the same procedure as
alreadydescribed.Eventually,we found that the adjointequationfor
¸ j .Ä; t/ is identical to that for¸1.Ä; t/. This implies that the adjoint
equation needs to be solved only once because¸1.Ä; t/ D ¸ j .Ä; t/.
For this reason we will use ¸.Ä; t/ to represent ¸ j .Ä; t/, j D 1–4,
for the rest of this paper.

Finally, the general expression of gradient equation for qi .Si ; t/
can be obtained as

J 0
i [qi .Si ; t/] D k¸.Si ; t/ C ®i qi .Si ; t/ i D 1–4 (21)
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VII. Computational Procedure
The computational procedure for the solution of this three-

dimensional forced-convection optimal heating problem can be
summarized as follows:

Suppose heating functions qn
i .Si ; t/, i D 1–4 are available at it-

eration n:
Step 1) Solve the direct problem given by Eq. (3) for T .Ä; t/.
Step 2)Examine the stoppingcriterion". Continue if not satis� ed.
Step 3) Solve the adjoint problem given by Eq. (17) for ¸.Ä; t/.
Step 4) Compute the gradient of the functional J 0

i [qi .Si ; t/],
i D 1–4, from Eq. (21).

Step 5) Compute the conjugate coef� cients ° n
i and the direction

of descent Pn
i .Si ; t/ from Eqs. (9) and (8), respectively.

Step 6) Set 1qi .Si ; t/ D Pn
i .Si ; t/, and solve the sensitivityprob-

lems given by Eq. (10) for 1T j .Ä; t/, j D 1–4, respectively.
Step 7) Compute the search step size ¯n from Eq. (13).
Step 8) Compute the new estimation for qn C 1

i .Si ; t/ on Si ,
i D 1–4, from Eq. (7) and return to step 1.

In the present study the value of stopping criteria " is assigned as
the valueof functionalwhen the functionalcan hardlydecrease.One
would expect that as the value of weighting coef� cients increases
the value of " will also increase.

VIII. Results and Discussions
The objective of this study is to show the validity of the CGM

in estimating the optimal surface heating functions qi .Si ; t/ on Si ;
i D 1–4 for a three-dimensionalforced-convectionproblemwith no
prior information on the functional form of the heating functions.

To illustrate the ability of the conjugate gradient method in pre-
dicting qi .Si ; t/ with optimal heating analysis from the knowledge
of desired � nal time temperaturedistributionon surface Sd , we con-
sider following one regular and one irregular domain where the
desired temperature distributions are in different forms.

One of the advantages of using the conjugate gradient method is
that the initial guesses of the unknown control functions qn

i .Si ; t/
can be chosen arbitrarily. In all of the test cases consideredhere, the
initial guesses of control functions used to begin the iteration are
taken as q0

i .Si ; t/ D 0:0.
We now present the numerical experiments in determining

qn
i .Si ; t/ by the optimal control analysis.

A. Numerical Test Case 1
The geometry for the test case 1 is shown in Fig. 1a, which rep-

resents a rectangular duct and the aspect ratio is 0.5. The inlet and
outlet � ows are perpendicularto the vertical inlet S9 and outlet S10,
respectively.The grids along the y and z directions are taken as 10,
whereas along the x direction is taken as 20. The number of desired
temperature on surface Sd , where Sd is on the y ¡ z plane, is thus
10 £ 10 D 100, and a time step 1t D 1 s is used. The grid system
for test case 1 is shown in Fig. 1b.

The parameters that were used in the present study are taken as
V D u D 0:1 m/s, k D 1 W/(m2-±C), ½ D 1 kg/m3, Cp D 1 kj/(kg-±C),
¹ D 1 kg/(m-s), Tinlet D 0±C, T0 D 0±C, and without body forces.
Those numbers did not represent any physical meanings; they are
just some numbers to perform the test cases for optimal control
problem. The heating functions qn

i .Si ; t/ are applied on surface S1,
S2 , S3, and S4, whereas S5 , S6 , S7, and S8 are all assumed insulated.

The desired temperature distribution at � nal time t f on surface
Sd D S.10; J; K / is assumed constant and is given as

Y .10; J; K ; t f / D 8±C 1 <D J <D 10; 1 <D K <D 10 (22)

where I , J , and K representthe indexof discreteposition in domain
Ä; J and K represent the grid index on surface Sd .

The optimalheatingproblemis examined� rst by usinga different
period of heating time. It is assumed that the heating process is to
be completed at a time equal to 12 s and 20 s, respectively, using
®i D 0:0.

For t f D 12 s a total of 4800 unknown discreted heat � uxes are to
be determined at the same time in the present study. If the stopping

Fig. 2 Estimated temperatures T(10; J; K; 12) for Y(10; J; K; 12)= 8.0
and ®i = 0.0 in test case 1.

Fig. 3a Estimated boundary heating � ux q1(I; 1; 5; t) with tf = 12 and
®i = 0.0 in test case 1.

Fig. 3b Estimated boundary heating � ux q3(I; 2; 1; t) with tf = 12 and
®i = 0.0 in test case 1.

criterion " is set as " D 20, after four iterations the solutions for
optimal heating functions qi .Si ; t/ can be obtained.

It is dif� cult to show all of the estimated heating functions here
because of the limitation of pages. For this reason we will show
only a portion of the results. Figure 2 shows the contour plot for the
estimated � nal temperature distributions T .I ; J; K ; 12/ on I D 10.
Figures 3a and 3b show the estimated optimal heating functions
q1.I; 1; 5; t/ and q3.I; 2; 1; t/, respectively.Here q1.I; 1; 5; t/ rep-
resents the optimal heating along the x direction (i.e., I D 1 to 10)
on S1 (i.e., J D 1) at K D 5 with time, and q3.I; 2; 1; t/ indicates
the optimal heating along the x direction (i.e., I D 1 to 10) on S3

(i.e., K D 1) at J D 2 with time.
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Fig. 4 Estimated temperatures T(10; J; K; 20) for Y(10; J; K; 20) = 8.0
and ®i = 0.0 in test case 1.

It is obvious from Fig. 3 that the estimated heating functions are
all very stable as a constant heat � ux but exhibit drastic change near
I D 10 and � nal time. This implies that we might have dif� culties
in controllingsuch functions near I D 10 at � nal time. However the
estimated � nal temperature distribution is satis� ed with the desired
distribution because the average error for the desired and estimated
temperature at t f D 12 is calculated as ERR D 6.69%, where the
de� nition for ERR is given here:

ERR% D
X

I D Sd

"
10X

J D 1

10X

K D 1

­­­­
T .I; J; K ; t f / ¡ Y .I; J; K ; t f /

Y .I; J; K ; t f /

­­­­

#

¥ .10 £ 10/ £ 100% (23)

Similarly, for t f D 20a totalof 8000discreteheating� uxesshould
be calculated.The stoppingcriterion" is set as " D 30, and after four
iterations the optimal heating functionsqi .Si ; t/ can be determined.

The estimated � nal temperature distribution T .I ; J; K ; 12/ on
I D 10 is shown in Fig. 4. The estimated optimal heating functions
q1.I ; 1; 5; t/ and q3.I ; 2; 1; t/ are shown in Figs. 5a and 5b, respec-
tively. Again, the estimated heating functions have drastic changes
near I D 10 and � nal time. The average error for the desired and
estimated temperature at t f D 20 is ERR D 8:44%.

From the precedingtwo test cases we found that the averageerror
for estimated temperatures for a long heating time process is larger
than that for short time heating. This test is to show the ability of
the present algorithm in determining the optimal heating functions
for different heating time.

Besides Eq. (18), one can also evaluate the ability of the optimal
heating by comparing the predicted mean temperature with the de-
sired temperature.The predictedmean temperaturesfor t f D 12 and
20 s cases are 7.56 and 8.22, respectively,that is, 5.5 and 2.8% error
when comparing with the desired temperature.

To examine the effectiveness of the weighting coef� cients ®i to
the control functions, we consider the following numerical exper-
iment in which the calculating conditions are the same as the pre-
ceding conditions for short time heating (i.e., t f D 12 s) except that
®i D 100, i D 1–4, is used.

We do not expect that the value of functional J be decreased to
a small number because there is a large weighting on the square
of the heating functions qi .Si ; t/. For this reason the difference be-
tween estimated and desired temperatures can be increased, but at
the same time the oscillatorybehavior for control functionscan also
be decreased.

The stopping criterion " is set as " D 850; after only two iter-
ations, the optimal heating functions qi .Si ; t/ can be determined.

Fig. 5a Estimated boundary heating � ux q1(I; 1; 5; t) with tf = 20 and
®i = 0.0 in test case 1.

Fig. 5b Estimated boundary heating � ux q3(I; 2; 1; t) with tf = 20 and
®i = 0.0 in test case 1.

According to the observationsof our numerical results, the heating
function on each surface becomes almost a constant wall heat � ux
during heating process, and it is very easy to be controlled. More-
over, the oscillatory behavior is improved signi� cantly near I D 10
and � nal time. However, the accuracyof the estimated � nal temper-
ature becomes poor because the average error for the desired and
estimated temperature at t f D 12 s is ERR D 21.25%.

Finally we would like to test the effectivenessof the � ow velocity
of � uid to theheatingfunctions.We considera numericalexperiment
that the calculatingconditionsare the sameas the originalconditions
for short time heating(i.e., t f D 12 s) except that u D 0:2 m/s is used.
By setting " D 25, after only three iterations the average error for
the desired and estimated temperature at t f D 12 s is now increased
from ERR D 6.69% to ERR D 9.26%. This implies that it is more
dif� cult to perform the optimal heating when the velocity of � uid is
increased.The reason for this is because the temperature � elds will
change more drastically as the � ow velocity increases; therefore, it
is more dif� cult to control the temperature � elds as the � uid � ows
faster.

B. Numerical Test Case 2
To show the potentialof the present algorithmfor use in a general

three-dimensionaloptimal heating problem, we consider an irregu-
lar duct domain in the second test case. The geometry of this case
is shown in Fig. 6a. The inlet and outlet � ows are perpendicular to
the vertical inlet S9 and outlet S10, respectively; the aspect ratio for
both inlet and outlet surfaces is 0.5. The boundary conditions and
grid system are similar to test case 1, and the grid system for the
present study is shown in Fig. 6b.

The desired temperature distributions at � nal time t f D 12 s are
now assumed on two desired surfaces and are given as

Y .4; J; K ; t f / D 6:6±C 1 <D J <D 10; 1 <D K <D 10 (24a)

Y .10; J; K ; t f / D 9±C 1 <D J <D 10; 1 <D K <D 10 (24b)

where J and K represent the grid index in domain Ä.
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Fig. 6a Geometry and coordinates for test case 2.

Fig. 6b Grid system for test case 2.

Fig. 7a Estimated temperatures T(4; J; K; 12) for Y(4; J; K; 12) = 6.6
and ®i = 0.0 in test case 2.

The optimal control problem is examined by using t f D 12 s and
®i D 0:0; therefore,a total of 4800unknowndiscretedheating� uxes
are to be estimated at the same time in the heat process. If the
stoppingcriterion" is set as " D 25, after four iterationsthe solutions
for optimal heating functions qi .Si ; t/ can be obtained.

Figures 7a and 7b show the contour plots for the estimated � -
nal temperature distributions T .I; J; K ; 12/, on I D 4 and 10, re-
spectively. Figures 8a and 8b show the estimated heating functions

Fig. 7b Estimated temperatures T(10; J; K; 12) for Y(10; J; K; 12) =
9.0 and ®i = 0.0 in test case 2.

Fig. 8a Estimated boundary heating � ux q1(I; 1; 2; t) with tf = 12 and
®i = 0.0 in test case 2.

Fig. 8b Estimated boundary heating � ux q3(I; 5; 1; t) with tf = 12 and
®i = 0.0 in test case 2.

q1.I; 1; 2; t/ and q3.I ; 5; 1; t/, respectively.It is obviousfrom Fig. 8
that the estimatedheatingfunctionsexhibitoscillatorybehaviornear
I D 4 to 10 and � nal time. The average error for the desired and es-
timated temperature at t f D 12 s is calculated as ERR D 6.9%.

From the preceding two numerical test cases we concluded that
the conjugate gradient method can be applied successfully in this
three-dimensionaloptimal heating problem for predicting the opti-
mal boundary heating functions qi .Si ; t/ on Si .
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IX. Conclusions
The conjugate gradient method with adjoint equation was suc-

cessfully applied for the solution of a general three-dimensional
forced-convectionoptimal heatingproblemin determining the opti-
mal boundaryheating functions.Three test cases involvingdifferent
geometry, different � nal desired temperaturedistributions,different
heating time, and different weighting coef� cients were considered.
The results show that the conjugate gradient method does not re-
quire a priori information for the functional form of the unknown
heating functions, and the optimal solutions can be obtained within
few number of iterations.
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